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a b s t r a c t
Let G be a connected graph with vertex set V (G), order n = |V (G)|, minimum degree δ
and edge-connectivity λ. Define the inverse degree of G as R(G) =∑v∈V (G) 1d(v) , where d(v)
denotes the degree of the vertex v. We show that if
R(G) < 2+ 2
δ(δ + 1) +
n− 2δ
(n− δ − 2)(n− δ − 1) ,
then λ = δ. We also give an analogous result for triangle-free graphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
For graph-theoretical terminology and notation not defined here we refer to Chartrand and Lesniak [2]. We consider
finite, undirected, and simple graphs G with vertex set V (G) and edge set E(G). For each vertex v ∈ V (G), the open
neighbourhood N(v) of v is defined as the set of all vertices adjacent to v, N[v] = N(v) ∪ {v} is the closed neighbourhood of
v, and d(v) = |N(v)| is the degree of v. We denote by δ(G) theminimum degree and by n(G) = |V (G)| the order of G.
If G is a connected graph, then the distance d(u, v) between two vertices u and v is defined as the length of a shortest
path from u to v, and the diameter is the number dm(G) = max{d(u, v) : u, v ∈ V (G)}. For two subsets X and Y of V (G) let
[X, Y ] be the set of edges with one endpoint in X and the other one in Y , and |[X, Y ]| denotes the cardinality of [X, Y ].
WewriteKn for the complete graphof ordern andKn,m for the complete bipartite graphwhosepartition sets have cardinality
m and n, respectively. A graph is called triangle-free, if it does not contain a triangle as a subgraph.
An edge-cut of a connected graph G is a set of edgeswhose removal disconnects G. The edge connectivity λ(G) is defined as
theminimum cardinality of an edge-cut over all edge-cuts of G. An edge-cut S is aminimum edge-cut or a λ-cut, if |S| = λ(G),
and an edge-cut S is trivial, if S consists of edges adjacent to a vertex of minimum degree. The inequality λ(G) ≤ δ(G) is
immediate. We call a graph G maximally edge-connected, if λ(G) = δ(G).
Sufficient conditions for graphs to be maximally edge-connected were given by several authors, see for example:
Chartrand [1], Dankelmann and Volkmann [4,5], Fiol [8], Goldsmith and Entringer [9], Lesniak [11], Plesník [12], Plesník
and Znám [13], Volkmann [14], and Xu [15]. In the following we list a few of them.
Theorem 1.1. Let G be a connected graph. Then λ(G) = δ(G) if
(a) n(G) ≤ 2δ(G)+ 1; Chartrand [1]
(b) d(u)+ d(v) ≥ n(G)− 1 for all pairs u, v of nonadjacent vertices; Lesniak [11]
(c) dm (G) = 2; Plesník [12]
(d) there are no four vertices u1, u2, v1, v2 with d(u1, u2), d(u1, v2), d(v1, u2), d(v1, v2) ≥ 3; Plesník and Znám [13]
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(e) there exists bn(G)/2c pairs (ui, vi) of vertices such that d(ui)+ d(vi) ≥ n(G) for i = 1, 2, . . . , bn(G)/2c; Xu [15]
(f) G is triangle-free and n(G) ≤ 4δ(G)− 1; Dankelmann and Volkmann [4].
Define the inverse degree of a graph Gwith no isolated vertices as
R(G) =
∑
v∈V (G)
1
d(v)
.
The inverse degree first attracted attention through conjectures of the computer program Graffiti [7]. It has since been
studied by several authors, see for example [3,6]. In this paperwe give sufficient conditions for arbitrary graphs and triangle-
free graphs to be maximally edge-connected in terms of R(G), δ(G) and n(G).
2. Main results
Wewill repeatedly make use of Jensen’s Inequality [10], which states that for a real valued function f , that is continuous
and convex on an interval, and for x1, x2, . . . , xp in this interval, we have
p∑
i=1
f (xi)
p
≥ f

p∑
i=1
xi
p
 . (1)
We will use the following inequalities.
Lemma 2.1. (i) Let a1, a2, . . . , ap, A be positive reals with
∑p
i=1 ai ≤ A. Then
p∑
i=1
1
ai
≥ p
2
A
.
(ii) If, in addition a1, a2, . . . , ap, A are positive integers, and a, b are integers with A = ap+ b and 0 ≤ b < p, then
p∑
i=1
1
ai
≥ p− b
a
+ b
a+ 1 .
Equality holds if and only if p− b of the ai equal a and the remaining ai equal a+ 1.
(iii) If f (x) is continuous and convex on an interval [L, R], and if l, r ∈ [L, R] with l+ r = L+ R, then
f (L)+ f (R) ≥ f (l)+ f (r).
Proof. (i) This follows by applying (1) to the function f (x) = 1x , which is convex on the interval (0,∞).
(iii) This follows from the definition of a convex function.
(ii) Let a1, a2, . . . , ap, A be positive integers with
∑p
i=1 ai ≤ A. We can assume that the ai are chosen such that
∑ 1
ai
is
minimum. If no two of the ai differ by more than 1, then p − b of the ai equal a and the remaining b of the ai equal a + 1,
and the inequality follows. So assume that two of the ai, say a1 and a2, differ by more than 1. Assume further that a1 > a2.
Let b1 = a1 − 1, b2 = a2 + 1, and bi = ai for i ≥ 3. Then
p∑
i=1
1
bi
−
p∑
i=1
1
ai
= 1
a1 − 1 +
1
a2 + 1 −
1
a1
− 1
a2
= (a1 + a2)(a2 − a1 + 1)
a1(a1 − 1)a2(a2 + 1) < 0,
a contradiction to the choice of the ai. 
Arbitrary graphs
Theorem 2.1. Let G be a connected graph of order n, minimum degree δ and edge-connectivity λ. If
R(G) < 2+ 2
δ(δ + 1) +
n− 2δ
(n− δ − 2)(n− δ − 1) ,
then λ = δ.
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Proof. Suppose to the contrary that λ ≤ δ− 1. Let S be an arbitrary λ-cut and let X and Y denote the vertex sets of the two
components of G− S. Then δ + 1 ≤ |X |, |Y | ≤ n− δ − 1 (see, for example [5]).
Each vertex in Y is adjacent to at most |Y | − 1 vertices of Y , and exactly λ edges join a vertex of Y to a vertex of X . Hence∑
y∈Y
d(y) ≤ |Y |(|Y | − 1)+ λ.
By Lemma 2.1(ii), we have∑
y∈Y
1
d(y)
≥ |Y | − λ|Y | − 1 +
λ
|Y | = 1+
1
|Y | − 1 −
λ
|Y |(|Y | − 1) .
Now G has a vertex v of degree δ. Without loss of generality, assume v ∈ X . Then∑
x∈X\{v}
d(x) ≤ (|X | − 1)2 + λ.
By Lemma 2.1(ii), we have∑
x∈X
1
d(x)
≥ 1
δ
+ |X | − 1− λ|X | − 1 +
λ
|X | = 1+
1
δ
− λ|X |(|X | − 1) .
Adding the inequalities above and bounding 1/(|Y | − 1) ≥ 1/(n− δ − 2), we obtain
R(G) ≥ 2+ 1
δ
+ 1
n− δ − 2 −
λ
|Y |(|Y | − 1) −
λ
|X |(|X | − 1) . (2)
Tominimize the right hand side of the last inequality, consider the function g(t) = 1t(t−1) . It is easy to verify that g ′′(t) > 0
for t > 1, so g is convex. By |X |, |Y | ≥ δ + 1, |X | + |Y | = n and Lemma 2.1(iii) applied to the function g(t), we get
1
|X |(|X | − 1) +
1
|Y |(|Y | − 1) ≤
1
(δ + 1)δ +
1
(n− δ − 1)(n− δ − 2) .
Applying this to (2), in conjunction with λ ≤ δ − 1, yields the contradiction
R(G) ≥ 2+ 1
δ
+ 1
n− δ − 2 −
δ − 1
(δ + 1)δ −
δ − 1
(n− δ − 1)(n− δ − 2)
= 2+ 2
δ(δ + 1) +
n− 2δ
(n− δ − 2)(n− δ − 1) ,
hence λ = δ. 
Corollary 2.1. Let G be a connected graph with minimum degree δ and edge-connectivity λ. If
R(G) ≤ 2,
then λ = δ.
Now, we present a class of graphs, which show that Theorem 2.1 is best possible, in the sense that R(G) = 2+ 2
δ(δ+1) +
n−2δ
(n−δ−2)(n−δ−1) does not guarantee λ = δ.
Example 2.1. Let n and δ be arbitrary integers with n ≥ 2δ + 2 ≥ 8. Furthermore, let H1 ' Kδ+1 with vertex set
V (H1) = {x1, x2, . . . , xδ+1} and let H2 ' Kn−δ−1 with vertex set V (H2) = {y1, y2, . . . , yn−δ−1}. We define the graph G
as the union of H1 and H2 together with the δ − 1 edges x1y1, x2y2, . . . , xδ−1yδ−1. Then n(G) = n, δ(G) = δ and
R(G) = 2
δ
+ δ − 1
δ + 1 +
δ − 1
n− δ − 1 +
n− 2δ
n− δ − 2
= δ
2 + δ + 2
δ(δ + 1) +
(n− δ − 2)(n− δ − 1)+ n− 2δ
(n− δ − 2)(n− δ − 1)
= 2+ 2
δ(δ + 1) +
n− 2δ
(n− δ − 2)(n− δ − 1) .
But it is easy to see that λ(G) ≤ δ(G)− 1.
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The following example shows that the result in Theorem 2.1 is not contained in Theorem 1.1(a)–(e).
Example 2.2. Let G′ be the graph, which is obtained from G in Example 2.1 by adding the edge x1y2. Then n(G′) = n(G) = n,
δ(G′) = δ(G) = δ and
R(G′) < R(G) = 2+ 2
δ(δ + 1) +
n− 2δ
(n− δ − 2)(n− δ − 1) .
Thus we obtain from Theorem 2.1 that λ(G′) = δ(G′), but the hypotheses of the Theorem 1.1(a)–(e) are not satisfied.
Triangle-free graphs
Theorem 2.2. Let G be a connected triangle-free graph of order n, minimum degree δ and edge-connectivity λ. If
R(G) < 4− 4(δ − 1)
(
1
2δ(2δ + 2) +
1
(n− 2δ)(n− 2δ + 2)
)
, (3)
then λ = δ.
Proof. Suppose to the contrary that λ ≤ δ − 1. By Theorem 1.1(f), we have δ ≤ n/4. Let S be an arbitrary λ-cut and let X
and Y denote the vertex sets of the two components of G − S. The assumption λ < δ implies that |X |, |Y | ≥ 2δ (see, for
example, [5]). By using Turán’s Theorem we have |[X, X]| ≤ b|X |2/4c and thus∑
x∈X
d(x) ≤ 2b|X |2/4c + λ ≤ 2b|X |2/4c + δ − 1. (4)
First let |X | be even. By Lemma 2.1(ii),∑x∈X 1d(x) is minimized subject to (4) if δ− 1 degrees equal |X |/2+ 1 and |X | − δ+ 1
of the degrees equal |X |/2. Hence∑
x∈X
1
d(x)
≥ |X | − δ + 1|X |/2 +
δ − 1
|X |/2+ 1 = 2−
4(δ − 1)
|X |(|X | + 2) .
Now, if |X | is odd,∑x∈X 1d(x) is minimized subject to (4) if (|X |−1)/2+δ−1 degrees equal (|X |+1)/2 and (|X |+1)/2−δ+1
of the degrees equal (|X | − 1)/2. Hence∑
x∈X
1
d(x)
≥
|X |−1
2 + δ − 1
|X |+1
2
+
|X |+1
2 − δ + 1
|X |−1
2
= 2− 4(δ − 2)
(|X | − 1)(|X | + 1) .
We consider three cases, depending on the parities of n and |X |.
Case 1: n is even and |X | is even.
Then also |Y | = n− |X | is even. By the above inequalities,∑
v∈V
1
d(v)
=
∑
x∈X
1
d(x)
+
∑
y∈Y
1
d(y)
≥ 4− 4(δ − 1)
(
1
|X |(|X | + 2) +
1
(n− |X |)(n− |X | + 2)
)
.
Define a function g(t) := 1t(t+2) . It is easy to verify that g ′′(t) > 0 for t > 0 and hence the function g(t) is convex. By|X |, |Y | ≥ 2δ and Lemma 2.1, we have g(|X |)+ g(n− |X |) ≤ g(2δ)+ g(n− 2δ) and thus∑
v∈V
1
d(v)
≥ 4− 4(δ − 1)
(
1
2δ(2δ + 2) +
1
(n− 2δ)(n− 2δ + 2)
)
,
a contradiction to (3).
Case 2: n is even and |X | is odd.
Then |Y | = n− |X | is also odd and we have |X |, |Y | ≥ 2δ + 1. As in Case 1, we have∑
v∈V
1
d(v)
=
∑
x∈X
1
d(x)
+
∑
y∈Y
1
d(y)
≥ 4− 4(δ − 2)
(
1
(|X | − 1)(|X | + 1) +
1
(n− |X | − 1)(n− |X | + 1)
)
≥ 4− 4(δ − 2)
(
1
2δ(2δ + 2) +
1
(n− 2δ − 2)(n− 2δ)
)
.
A simple calculation now shows that δ−1
(n−2δ)(n−2δ+2) >
δ−2
(n−2δ−2)(n−2δ) . Hence we obtain
δ−1
2δ(2δ+2) + δ−1(n−2δ)(n−2δ+2) > δ−22δ(2δ+2) +
δ−2
(n−2δ−2)(n−2δ) for δ ≤ n4 , a contradiction to (3).
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Case 3: n is odd.
Assume without loss of generality that |X | is odd and |Y | is even. Then |X | ≥ 2δ + 1. As above,∑
v∈V
1
d(v)
=
∑
x∈X
1
d(x)
+
∑
y∈Y
1
d(y)
≥ 4− 4(δ − 2)
(|X | − 1)(|X | + 1) −
4(δ − 1)
(n− |X |)(n− |X | + 2)
≥ 4− 4(δ − 2)
2δ(2δ + 2) −
4(δ − 1)
(n− 2δ − 1)(n− 2δ + 1) .
As above a simple calculationnowshows that δ−12δ(2δ+2)+ δ−1(n−2δ)(n−2δ+2) > δ−22δ(2δ+2)+ δ−1(n−2δ−1)(n−2δ+1) for δ ≤ n4 . A contradiction
to (4). 
Now, we present a class of graphs, which show that Theorem 2.2 is best possible, in the sense that R(G) = 4− 4(δ − 1)(
1
2δ(2δ+2) + 1(n−2δ)(n−2δ+2)
)
does not guarantee λ = δ.
Example 2.3. For given n, δ with n even and n ≥ 4δ let G be the bipartite graph obtained from the disjoint union of Kδ,δ
and Kn/2−δ,n/2−δ by choosing a set of δ − 1 independent vertices in each of the two graphs and adding a matching between
the vertices of these sets. Clearly, G is triangle-free, has order n and minimum degree δ, edge-connectivity λ = δ − 1 and
inverse degree
R(G) = δ + 1
δ
+ δ − 1
δ + 1 +
n− 3δ + 1
n
2 − δ
+ δ − 1n
2 − δ + 1
= 4− 4(δ − 1)
(
1
2δ(2δ + 2) +
1
(n− 2δ)(n− 2δ + 2)
)
.
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